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SEMIAMPLE HYPERSURFACES IN TORIC VARIETIES
ANVAR R. MAVLYUTOV
Abstract. We study the geometry and cohomology of semiample hypersur-
faces in toric varieties. Such hypersurfaces generalize the MPCP-desingulari-
zations of Calabi-Yau ample hypersurfaces in the Batyrev mirror construction.
We study the topological cup product on the middle cohomology of semiample
hypersurfaces. In particular, we obtain a complete algebraic description of
the middle cohomology of regular semiample hypersurfaces in 4-dimensional
simplicial toric varieties what would be interesting for physics.
Introduction
While the geometry and cohomology of ample hypersurfaces in toric varieties
have been studied [BC], not much attention has been paid to semiample (i.e., “big”
and “nef”) hypersurfaces defined by sections of line bundles generated by global
sections with a positive self-intersection number. It turns out that mirror symmetric
hypersurfaces in the Batyrev mirror construction [B2] are semiample, but often not
ample. In this paper we will study semiample hypersurfaces. Such hypersurfaces
bring a geometric construction which generalizes the way of construction in [B2].
The purpose of this paper is to present some approaches to studying the co-
homology ring of semiample hypersurfaces in complete simplicial toric varieties.
In particular, we explicitly describe the ring structure on the middle cohomology
of regular semiample hypersurfaces, when the dimension of the ambient space is
4. Let us explain the main ideas of computing the topological cup product. The
first step is to naturally relate the middle cohomology of the hypersurfaces to some
graded ring; in our situation this will be done using a Gysin spectral sequence. The
origins of this ideas are in [CG], [BC]. The second step is to use the multiplicative
structure on the graded ring in order to compute the topological cup product on
the middle cohomology. We remark that the cup product was computed on the
middle cohomology of smooth hypersurfaces in a projective space [CG], and this
paper will generalize some of the results in [CG].
The following is a brief summary of the paper:
In section 1 we establish notation and then introduce a geometric construction
associated with semiample divisors in complete toric varieties. At the end we give
a criterion for a divisor to be ample (generated by global sections) in terms of
intersection numbers. This was known for simplicial toric varieties (the toric Nakai
criterion), and we prove it for arbitrary complete toric varieties.
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Section 2 studies regular semiample hypersurfaces and describes a nice stratifi-
cation of such hypersurfaces. These hypersurfaces generalize those in the Batyrev
construction [B2].
Section 3 generalizes the results of [CG] on an algebraic cup product formula
for residues of rational differential forms (from here on, the toric variety is usually
simplicial). It shows that there is a natural map from a graded ring (the Jacobian
ring R(f) [BC]) to the middle cohomology of a quasismooth hypersurface such
that the multiplicative structure on the ring is compatible with the topological cup
product.
In section 4 we partially describe the middle cohomology of a regular semiample
hypersurface X ; in particular, we show that some graded pieces of the ring R1(f),
considered in [BC], are imbedded into the middle cohomology of X . We explicitly
compute the cup product on the part coming from the ring. We should point out
that, when X is ample, the graded pieces of R1(f) fill up the middle cohomology
of the hypersurface, but not so in the semiample case.
Section 5 computes the middle cohomology and the cup product on it for regular
semiample hypersurfaces in a 4-dimensional toric variety. This is the most interest-
ing case for physics. We describe the whole middle cohomology in algebraic terms,
even though R1(f) might fill up only part of the middle cohomology. In fact, the
complement to the R1(f) part is a direct sum of the middle cohomologies of regular
ample hypersurfaces in 2-dimensional toric varieties. Hence, this part can also be
described in terms of rings similar to R1(f).
In section 6 we compute the Hodge numbers hp,2 of a regular semiample hyper-
surface, and then apply the obtained formulas to the hypersurfaces in the Batyrev
mirror construction [B2] to verify that, in general, the duality predicted by physi-
cists does not occur for the Hodge numbers of such hypersurfaces.
Basic references on the theory of toric varieties are [F1], [O], [D], [C2].
Acknowledgments. I would like to thank David Cox for his advice and useful
comments. I am grateful to David Cox and David Morrison for allowing me to
use their unpublished notes for Theorems 3.3 and 3.5. I also thank the referee for
pointing out that our notion “semiample” is a little bit different from the common
one (see Remark 1.1 bellow).
1. Semiample divisors
In this section we first establish notation, review some basic facts from the toric
geometry, and then discuss a geometric construction associated with semiample
divisors in complete toric varieties. At the end of this section we will prove a
generalization of the toric Nakai criterion for arbitrary complete toric varieties.
As a consequence we will obtain a criterion for semiample divisors in terms of
intersection numbers. In notation we follow [BC], [C2].
Let M be a lattice of rank d, N = Hom(M,Z) the dual lattice; MR (resp. NR)
denotes the R-scalar extension of M (resp. of N). The symbol PΣ stands for a
complete toric variety associated with a finite complete fan Σ in NR. Denote by
Σ(k) the set of all k-dimensional cones in Σ; in particular, Σ(1) = {ρ1, . . . , ρn} is
the set of 1-dimensional cones in Σ with the minimal integral generators e1, . . . , en,
respectively. Each 1-dimensional cone ρi corresponds to a torus-invariant divisor
Di in PΣ. A torus-invariant Weil divisor D =
∑n
i=1 aiDi determines a convex
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polyhedron
∆D = {m ∈MR : 〈m, ei〉 ≥ −ai for all i} ⊂MR.
When D =
∑n
i=1 aiDi is Cartier, there is a support function ψD : NR → R that is
linear on each cone σ ∈ Σ and determined by some mσ ∈M :
ψD(ei) = 〈mσ, ei〉 = −ai for all ei ∈ σ.
Since PΣ is complete, a general fact is that a Cartier divisor D (i.e., the corre-
sponding line bundle OPΣ(D)) is generated by global sections (resp. ample) if and
only if ψD is convex (resp. strictly convex).
A Cartier divisorD onPΣ is called semiample ifD is generated by global sections
and the intersection number (Dd) > 0. In complete toric varieties all ample divisors
are semiample. From [F1, sect. 5.3] it follows that (Dd) = d!vold(∆D) where vold
is the d-dimensional volume normalized with respect to the lattice M . So, the
semiample torus-invariant divisors in complete toric varieties can be characterized
by the two conditions that the support function ψD is convex and the polyhedron
∆D has maximal dimension d.
Remark 1.1. We should mention here that our notion “semiample” is a little bit
different from the common one. In [EV] it is not assumed that semiample sheaves
L have the additional property Ld > 0 (the Iitaka dimension is maximal). The
author believes that the results in this section can be easily generalized for all
Cartier divisors generated by global sections. However, for the purpose of studying
mirror symmetric hypersurfaces [BC] we simply assume that semiample sheaves
have the additional property. The same definition was used in the recent book
[CK].
Let us show how to construct a semiample (but not ample) divisor from an ample
one. Consider a proper birational morphism π : PΣ1 → PΣ2 between two complete
toric varieties corresponding to a subdivision Σ1 of a fan Σ2 with an ample torus-
invariant divisor Y on PΣ2 . Then the pull-back π
∗(Y ) is a torus-invariant Cartier
divisor with the same support function as the one for Y . Hence, π∗(Y ) is semiample
and it is not ample if Σ1 is different from Σ2.
We now show that all semiample divisors arise uniquely this way, constructing
a complete fan ΣD for a semiample Cartier divisor D =
∑n
i=1 aiDi using our fan
Σ and the convex support function ψD. The value of the support function ψD
on each d-dimensional cone σ ∈ Σ is determined by a unique mσ ∈ M . We glue
together those maximal dimensional cones in Σ that have the same mσ. The glued
set is again a convex rational polyhedral cone, and one can show that this cone is
strongly convex using the fact that ∆D has maximal dimension d. The set of these
strongly convex cones with its faces comprise a new complete fan ΣD in NR. This
construction is independent of the equivalence relation on the divisors: if we change
the divisor D to a linearly equivalent one, the fan ΣD will remain the same.
The fan ΣD is exactly the normal fan of ∆D. Indeed, by construction, ψD is
strictly convex with respect to ΣD. On the other hand, since D is generated by
global sections, the support function ψD coincides with the function of ∆D [F1,
sect. 3.4]:
ψD(n) = min
m∈∆D
〈m,n〉.
Theorem 2.22 [O] implies that ΣD is the normal fan of ∆D.
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Notice that Σ is a refinement of ΣD. So, the sets of 1-dimensional cones of
the fans are related by ΣD(1) ⊂ Σ(1), and we have a proper birational morphism
π : PΣ → PΣD between the two toric varieties. Any proper morphism determines
a push-forward map π∗ : Ad−1(PΣ) → Ad−1(PΣD ) on the Chow group, that takes
the class of an irreducible divisor V to the class deg(V/π(V ))[π(V )] if π(V ) has the
same dimension as V and to 0 otherwise. Now apply the push-forward map to our
semiample divisor:
π∗[D] =
n∑
i=1
aiπ∗[Di] = [
∑
ρi∈ΣD(1)
aiπ(Di)],
because Di maps birationally onto its image when ρi ∈ ΣD, and dimπ(Di) <
dimDi in all other cases. The divisors π(Di) for ρi ∈ ΣD(1) are torus-invariant
corresponding to the 1-dimensional cones in ΣD. The support function of the Weil
divisor π∗(D) :=
∑
ρi∈ΣD(1) aiπ(Di) coincides with ψD which is strictly convex with
respect to the fan ΣD. Hence, the divisor class π∗[D] is ample. For the birational
map π : PΣ → PΣD we also have a commutative diagram [F1, sec. 3.4], [F2]:
Ad−1(PΣ)
pi∗−−−−→ Ad−1(PΣD )x x
Pic(PΣ) ←−−−−
pi∗
Pic(PΣD ),
where the vertical maps are inclusions. Since the support functions for the Cartier
divisors D and π∗(D) coincide, the pull-back π∗π∗[D] is exactly the divisor class
[D]. Thus, we have the following useful result.
Proposition 1.2. Let PΣ be a complete toric variety with a semiample divisor
class [D] ∈ Ad−1(PΣ). There exists a unique complete toric variety PΣD with a
toric birational map π : PΣ → PΣD , such that Σ is a subdivision of ΣD, π∗[D] is
ample and π∗π∗[D] = [D]. Moreover, if D =
∑n
i=1 aiDi is torus-invariant, then
ΣD is the normal fan of ∆D.
Remark 1.3. Since the fan ΣD is the normal fan of ∆D, there is a one-to-one cor-
respondence between the k-dimensional cones of ΣD and (d− k)-dimensional faces
of ∆D. Note, however, that while ΣD is canonical with respect to the equivalence
relation on the divisors, the polyhedron ∆D is only canonical up to translation.
We next study the intersection theory for the semiample divisors in complete
toric varieties. Any toric variety PΣ is a disjoint union of its orbits by the action
of the torus T = N ⊗ C∗ that sits naturally inside PΣ. Each orbit Tσ is a torus
corresponding to a cone σ ∈ Σ. The closure of each orbit Tσ is again a toric variety
denoted V (σ).
Lemma 1.4. If D is a semiample divisor on a complete toric variety PΣ, then the
intersection number (Dk · V (σ)) > 0 for any σ ∈ Σ(d − k) contained in a cone of
ΣD(d− k), and (Dk · V (σ)) = 0 for all other σ ∈ Σ(d− k).
Proof. We can assume that D =
∑n
i=1 aiDi, which gives a support function ψD
determined on each cone by some mσ: ψD(n) = 〈mσ, n〉 for all n ∈ σ. Since D is
generated by global sections, for a fixed σ ∈ Σ(d− k) we have [F1, sec. 5.3]:
volk(∆D ∩ (σ⊥ +mσ)) = (D
k
k!
· V (σ)). (1)
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By Remark 1.3, there is a one-to-one correspondence between the cones of ΣD and
the faces of ∆D. Let σΓ be the minimal cone in ΣD, corresponding to a face Γ of
∆D and containing σ. We claim that
Γ = ∆D ∩ (σ⊥ +mσ).
Indeed, since ψD is strictly convex with respect to ΣD, from Lemma 2.12 [O] we
have
Γ = {m ∈ ∆D : 〈m,n〉 = ψD(n) for all n ∈ σΓ},
whence m ∈ Γ implies 〈m−mσ, n〉 = 0 for all n ∈ σ. Conversely, suppose m ∈ ∆D
and (m − mσ) ∈ σ⊥. The first condition implies 〈m,n〉 ≥ ψD(n) for all n from
the strongly convex cone σΓ, while the second one gives a point in the interior of
σΓ (by the minimal choice of this cone) for which m and ψD have the same values.
Hence, m and ψD have the same values on σΓ, and the claimed equality of the sets
follows.
Now, the lemma follows from the fact that volk(Γ) > 0 if and only if dim σΓ =
d− k.
Remark 1.5. The above lemma provides another way of constructing the fan ΣD,
by gluing the d-dimensional cones in Σ along those facets τ for which (D ·V (τ)) = 0.
We will now give necessary and sufficient conditions for a Cartier divisor on a
complete toric variety to be ample, generated by global sections or semiample. This
is a generalization of the toric Nakai criterion proved for nonsingular toric varieties
in Theorem 2.18 [O].
Theorem 1.6. Let PΣ be a d-dimensional complete toric variety and let D be a
Cartier divisor on PΣ. Then
(i) D is generated by global sections if and only if (D · V (τ)) ≥ 0 for any τ ∈
Σ(d− 1).
(ii) D is ample if and only if (D · V (τ)) > 0 for any τ ∈ Σ(d− 1).
Proof. Without loss of generality we can assume that D is torus-invariant.
(i) If D is generated by global sections, then the required condition follows from
equation (1). Conversely, the torus-invariant divisor D has the support function
ψD, and it suffices to show that ψD is convex. Here, we use a trick. Consider
a nonsingular subdivision Σ′ of the fan Σ and the corresponding toric morphism
f : PΣ′ → PΣ. Then the support function of the pull-back divisor f∗(D) coincides
with ψD. So, we just need to show that f
∗(D) is generated by global sections.
By Example 2.4.3 [F2], we have (f∗(D) · V (τ ′)) = (D · f∗(V (τ ′))), where V (τ ′)
is the closure of the 1-dimensional orbit corresponding to τ ′ ∈ Σ′(d − 1). If the
smallest cone in Σ containing τ ′ is d-dimensional, then the image of V (τ ′) is a point,
implying that the above intersection number vanishes. Otherwise, τ ′ is contained in
some τ ∈ Σ(d− 1), in which case f∗(V (τ ′)) = V (τ). So, in either case, by the given
condition in (i), the intersection number (D · f∗(V (τ ′))) is nonnegative. Following
the proof of Theorem 2.18 [O] we get that (f∗(D) ·V (τ ′)) ≥ 0 for any τ ′ ∈ Σ′(d−1)
implies f∗(D) is generated by global sections.
(ii) If D is ample, then the required condition follows from Lemma 1.4 or, more
generally, from the Nakai criterion for arbitrary complete varieties [H, chap. I, The-
orem 5.1], [K].
Conversely, by part (i), the divisor D is generated by global sections. We will
show that D is semiample and the fan Σ is exactly the fan ΣD associated with the
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semiample divisor. Then, by Proposition 1.2, the desired result will follow. From
equation (1) and the given condition it follows that the polyhedron ∆D intersects
different lines, corresponding to τ ∈ Σ(d − 1), in more than one point. These
lines can not lie in a hyperplane of MR, because Σ is complete. Therefore, ∆D is
maximal dimensional, implying that D is semiample. By the Remark 1.5 and the
given condition, the fan Σ coincides with ΣD. Thus, Proposition 1.2 implies that
D is ample.
Corollary 1.7. Let PΣ be a complete toric variety. Then a Cartier divisor D on
PΣ is semiample if and only if (D
d) > 0 and (D · V (τ)) ≥ 0 for any τ ∈ Σ(d− 1).
Remark 1.8. In Mori’s theory, Theorem 1.6(ii) above and Proposition (1.6) of [R]
imply that D is ample if and only if (D · (NE(PΣ) \ {0})) > 0, where NE(PΣ)
is the cone coming from effective 1-cycles. Also, by part (i) of Theorem 1.6, the
pseudo-ample cone PA(PΣ) is spanned by the divisors generated by global sections.
For details see [R], [O, sect. 2.5].
2. Regular semiample hypersurfaces
Next we shall apply results from the previous section to describe a stratification
of regular semiample hypersurfaces in a complete toric variety PΣ. The following
definition has appeared in [B2].
Definition 2.1. A hypersurface X ⊂ PΣ is called Σ-regular if X ∩Tσ is empty or
a smooth subvariety of codimension 1 in Tσ for any σ ∈ Σ.
Remark 2.2. Proposition 6.8 [D] says that a hypersurface X ⊂ PΣ defined by a
general section of a line bundle generated by global sections is Σ-regular. When it
is clear from the context, we simply say that a hypersurface is regular.
Lemma 2.3. Let X be a semiample hypersurface in a complete toric variety PΣ,
such that dimPΣ ≥ 2. Then
(i) X is connected, and
(ii) X is irreducible if X is Σ-regular.
Proof. (i) Consider an effective torus-invariant divisor D equivalent to the divisor
X . Since OPΣ(D) is generated by global sections, choosing a basis of the space
H0(PΣ,OPΣ(D)) gives a mapping
ϕD : PΣ → Pr−1,
where r = h0(PΣ,OPΣ(D)) = Card(∆D ∩M). By Exercise on p. 73 [F1, sect. 3.4],
the image of ϕD has dimension equal to dim∆D. Since D is semiample, we get
that dim∆D = dimPΣ ≥ 2. From Theorem 2.1 [FL] it follows that every divisor
in the linear system |D| is connected. In particular, X is connected.
(ii) To prove that X is irreducible we argue as follows. Consider a nonsingular
subdivision Σ′ of the fan Σ and the corresponding morphism p : PΣ′ → PΣ. It
follows from Proposition 3.2.1 [B2] that p−1(X) is a Σ′-regular hypersurface that
supports a semiample divisor p∗(X). By the previous part, p−1(X) is a smooth
connected hypersurface which must be irreducible. Therefore, X is irreducible.
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Proposition 2.4. If X ⊂ PΣ is a Σ-regular semiample hypersurface with the asso-
ciated morphism π : PΣ → PΣX for the divisor class [X ] ∈ Ad−1(PΣ) from Propo-
sition 1.2, then Y := π(X) is a ΣX -regular ample hypersurface, and X = π
−1(Y ).
Proof. From Lemma 2.3(ii) we know that X is irreducible. Since X is Σ-regular, it
maps birationally onto its image, implying π∗[X ] = [π(X)]. Therefore, by Proposi-
tion 1.2, the hypersurface Y = π(X) is ample.
Let us now show that Y misses the 0-dimensional orbits in PΣX . Consider the
1-dimensional orbit closure V (τ0) ⊂ PΣX corresponding to a cone τ0 ∈ ΣX(d− 1),
and take a cone τ ∈ Σ(d− 1) that lies in τ0. Since X is Σ-regular,
Card(X ∩Tτ ) = Card(X ∩ V (τ)) = (X · V (τ)).
We also know that the orbit Tτ maps onto Tτ0 , hence,
(Y · V (τ0)) ≥ Card(Y ∩ V (τ0)) ≥ Card(Y ∩Tτ0) ≥ Card(X ∩Tτ ) = (X · V (τ)).
By Example 2.4.3 [F2], we have (Y ·V (τ0)) = (X ·V (τ)), whence the above inequal-
ities are equalities. Therefore, the hypersurface Y intersects transversally the orbit
Tτ0 and does not intersect the points in the compliment V (τ0)\Tτ0 , corresponding
to the d-dimensional cones in ΣX that contain τ0. Thus, we have shown that Y
misses all 0-dimensional orbits in PΣX .
One can easily show X = π−1(Y ) from the facts that X and Y = π(X) are irre-
ducible, and that Y misses the 0-dimensional orbits. Finally, for arbitrary σ0 ∈ ΣX
take σ ∈ Σ, contained in σ0, of the same dimension. Then we have an isomorphism
Tσ ∼= Tσ0 inducing another isomorphism
X ∩Tσ = π−1(Y ) ∩Tσ ∼= Y ∩Tσ0 .
So, the Σ-regularity of X implies that π(X) is ΣX -regular.
Remark 2.5. By construction in [B2], the MPCP-desingularizations Ẑ of regular
projective hypersurfaces Z in a toric Fano variety P∆ are regular semiample hy-
persurfaces. The above proposition shows that if we start with an arbitrary regular
semiample hypersurface, then we come up with a similar picture.
Let us note that a regular ample hypersurface Y in a complete toric variety
P will intersect all orbits transversally, except for 0-dimensional orbits. Such a
hypersurface is called nondegenerate in [BC], [DK]. Also, in this case a hypersurface
in the torus T isomorphic to the affine hypersurface Y ∩ T in T will be called
nondegenerate. Such a hypersurface satisfies the following property.
Lemma 2.6. [DK] Let Z be a nondegenerate affine hypersurface in the torus T,
then the natural map Hi(T)→ Hi(Z), induced by the inclusion is an isomorphism
for i < dimT− 1 and an injection for i = dimT− 1.
Like in [B2], by Proposition 2.4, we get a nice stratification of a semiample
regular hypersurface X ⊂ PΣ in terms of nondegenerate affine hypersurfaces. Let
Y = π(X), then X = π−1(Y ). Using the standard description of a toric blow-up,
we obtain
X ∩Tσ ∼= (Y ∩Tσ0)× (C∗)dimσ0−dimσ, (2)
where σ0 ∈ ΣX is the smallest cone containing σ ∈ Σ.
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3. A cup product formula for quasismooth hypersurfaces
The purpose of this section is to give a generalization of the algebraic cup prod-
uct formula for the residues of rational forms presented in [CG]. In this section
we assume that P is a complete simplicial toric variety. Such a toric variety has
a homogeneous coordinate ring S = C[x1, . . . , xn] with variables x1, . . . , xn corre-
sponding to the irreducible torus-invariant divisors D1, . . . , Dn [C1]. This ring is
graded by the Chow group Ad−1(P): deg(
∏n
i=1 x
ai
i ) = [
∑n
i=1 aiDi]. Furthermore,
if L is a line bundle on P, then for β = [L] ∈ Ad−1(P) one has an isomorphism
H0(P,L) ∼= Sβ . So, the homogeneous polynomials in Sβ identified with the global
sections of L determine hypersurfaces in the toric variety P.
Definition 3.1. [BC] A hypersurfaceX ⊂ P defined by a homogeneous polynomial
f ∈ Sβ is called quasismooth if ∂f∂xi , 1 ≤ i ≤ n, do not vanish simultaneously on P.
Definition 3.2. [BC] Fix an integer basis m1, . . . ,md for the lattice M . Then
given subset I = {i1, . . . , id} ⊂ {1, . . . , n}, denote det(eI) = det(〈mj , eik〉1≤j,k≤d),
dxI = dxi1 ∧ · · · ∧ dxid and xˆI =
∏
i/∈I xi. Define the n-form Ω by the formula
Ω =
∑
|I|=d
det(eI)xˆIdxI ,
where the sum is over all d element subsets I ⊂ {1, . . . , n}.
Let X ⊂ P be a quasismooth hypersurface defined by f ∈ Sβ . For A ∈
S(a+1)β−β0 (here, β0 :=
∑n
i=1 deg(xi)) consider a rational d-form
ωA := AΩ/f
a+1 ∈ H0(P,Ωd
P
((a+ 1)X)).
This form gives a class in Hd(P \X), and by the residue map
Res : Hd(P \X)→ Hd−1(X)
we get Res(ωA) ∈ Hd−1(X). We will need an explicit algebraic formula for the
Hodge component Res(ωA)
d−1−a,a in Cˇech cohomology.
Denote fi =
∂f
∂xi
and let Ui = {x ∈ P : fi(x) 6= 0} for i = 1, . . . , n. If X is a
quasismooth hypersurface, then U = {Ui}ni=1 is an open cover of P.
The next two theorems with their proofs are corrected and generalized versions
of unpublished results of D. Cox and D. Morrison.
Theorem 3.3. Let X ⊂ P be a quasismooth hypersurface defined by f ∈ Sβ and
A ∈ S(a+1)β−β0 , β0 =
∑n
i=1 deg(xi). Then under the natural map
Hˇa(U|X ,Ωd−1−aX )→ Ha(X,Ωd−1−aX ) ∼= Hd−1−a,a(X)
the component Res(ωA)
d−1−a,acorresponds to the Cˇech cocycle ca
{AKia ···Ki0Ω
fi0 ···fia
}
i0...ia
,
where ca =
1
a! (−1)d−1+a(a+1)/2, and Ki is the contraction operator ∂∂xi y.
Proof. The residue map can be calculated in hypercohomology using the commu-
tative diagram
Hd(P \X) Res−−−−→ Hd−1(X)x x
Hd(Ω•
P
(logX))
Res−−−−→ Hd−1(Ω•X),
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where the vertical maps are isomorphisms. As in [CG] we can work in the Cˇech-
deRham complex C•(U ,Ω•(∗X)) with arbitrary algebraic singularities along X ,
where U = {Ui}ni=1. Then we can apply the arguments of [CG] on pp. 58-62 almost
without any change. We only need to check that
df ∧ Ω ≡ 0 modulo multiples of f (3)
for part (i) of the lemma on p. 60 in [CG]. But df ∧ (dx1 ∧ · · · ∧ dxn) = 0, and,
by Lemma 6.2 [C3], Ω = θ1y · · ·yθn−dy(dx1 ∧ · · · ∧ dxn) for some Euler vector
fields θi. The equivalence (3) can be obtained repeatedly applying the following
argument. If df ∧ω ≡ 0 mod f for some form ω, and θ is an Euler vector field, then
0 ≡ θy(df ∧ ω) = (θydf)ω − df ∧ (θyω). Since θydf = θ(f) = θ(β)f (see the proof
of Proposition 5.3 [C3]), we get df ∧ (θyω) ≡ 0. Thus, the lemma on p. 60 of [CG]
is true in our situation. The rest of the arguments applies without change, and the
theorem is proved. Let us remark that the constructive proof of [CG] implies that
ca
{AKia ···Ki0Ω
fi0 ···fia
}
i0...ia
is actually a Cˇech cocycle.
Definition 3.4. For β = [
∑n
i=1 biDi] ∈ Ad−1(P) and a multi-index I = (i0, . . . , id)
viewed as an ordered subset of {1, . . . , n}, we introduce a constant cβI which is the
determinant of the (d+ 1)× (d+ 1) matrix obtained from (〈mj , eik〉1≤j≤d,ik∈I) by
adding the first row (bi0 , . . . , bid), where m1, . . . ,md is the fixed integer basis of the
lattice M as in Definition 3.2. One can easily check that cβI is well defined.
Theorem 3.5. Let X ⊂ P be a quasismooth hypersurface defined by f ∈ Sβ, and
suppose a+ b = d− 1, ωA = AΩfa+1 , ωB = BΩfb+1 for A ∈ S(a+1)β−β0, B ∈ S(b+1)β−β0 .
Then under the composition
Ha(X,ΩbX)⊗Hb(X,ΩaX) ∪−−→ Hd−1(X,Ωd−1X )
δ−−→ Hd(P,Ωd
P
)
(here, δ is the coboundary map in the Poincare´ residue sequence) we have that
δ(Res(ωA)
ba ∪ Res(ωB)ab) is represented by the Cˇech cocycle
cab
{
ABcβI xˆIΩ
fi0 · · · fid
}
I
∈ Hˇd(U ,Ωd
P
),
where I = (i0, . . . , id) and cab =
(−1)a(a+1)/2+b(b+1)/2+a2+d−1
a!b! .
Proof. As in [CG] on p. 63, by Theorem 3.3 we see that the residue product
Res(ωA)
ba ∪Res(ωB)ab is represented by the cocycle
ψ = c˜ab
{
AKia · · ·Ki0Ω
fi0 · · · fia
∧ BKid−1 · · ·KiaΩ
fia · · · fid−1
}
i0...id−1
∈ Cd−1(U|X ,Ωd−1X ),
where c˜ab = (−1)a2cacb = (−1)
a(a+1)/2+b(b+1)/2+a2
a!b! . To calculate the coboundary of
this cocycle we use the following commutative diagram:
0 −−−→ Cd(U ,Ωd
P
) −−−→ Cd(U ,Ωd
P
(logX))
Res−−−→ Cd(U|X ,Ωd−1X )x x x
0 −−−→ Cd−1(U ,Ωd
P
) −−−→ Cd−1(U ,Ωd
P
(logX))
Res−−−→ Cd−1(U|X ,Ωd−1X ).
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Lift the cocycle ψ to
ψ˜ = c˜ab
{
AKia · · ·Ki0Ω
fi0 · · · fia
∧ BKid−1 · · ·KiaΩ
fia · · · fid−1
∧ df
f
}
i0...id−1
∈ Cd−1(U ,Ωd
P
(logX)).
From the diagram we can see that changing of the numerator by a multiple of f will
not affect the image of ψ in Hˇd(U ,Ωd
P
). Hence, we need to compute Kia · · ·Ki0Ω∧
Kid−1 · · ·KiaΩ ∧ df modulo multiples of f . First we will show
Kia · · ·Ki0Ω ∧Kid−1 · · ·KiaΩ ∧ df ≡ (some function) · Ω mod f. (4)
As in the proof of the previous theorem, we can write Ω = Eydx, where E is a
wedge of some Euler vector fields and dx = dx1∧· · ·∧dxn. Denote du = dxi0∧· · ·∧
dxia−1 , dv = dxia+1 ∧ · · · ∧ dxid−1 , and dw = ∧i/∈I0dxi, where I0 = (i0, . . . , id−1).
Then dx = ±du ∧ dxa ∧ dv ∧ dw. Now compute:
Kia · · ·Ki0Ω = Kia · · ·Ki0(Eydx) = ±Ey(Kia · · ·Ki0du ∧ dxa ∧ dv ∧ dw)
= ±Ey(dv ∧ dw) = ±((Eydv) ∧ dw + (−1)(d−a−1)(n−d)dv(Eydw)).
Similarly,
Kid−1 · · ·KiaΩ = ±((Eydu) ∧ dw + (−1)a(n−d)du(Eydw)).
Since dw ∧ dw = 0, we get
Kia · · ·Ki0Ω ∧Kid−1 · · ·KiaΩ = ±(Eydw)
(
(Eydv) ∧ dw ∧ (−1)a(n−d)du
+ (−1)(d−a−1)(n−d)dv ∧ (Eydu) ∧ dw + (−1)(d−1)(n−d)dv ∧ du ∧ (Eydw)
)
= ±(Eydw)(Ey(dv ∧ du ∧ dw)) = ±(Eydw)(EyKiaydx)
= ±(Eydw)(Kiay(Eydx)) = ±(Eydw)(KiaΩ).
From equation (3) we know that Ω∧df ≡ 0 modulo multiples of f . Applying the
contraction operator Kia to this identity we obtain (KiaΩ) ∧ df ≡ ±fiaΩ, whence
equation (4) follows:
Kia · · ·Ki0Ω ∧Kid−1 · · ·KiaΩ ∧ df = ±(Eydw)(KiaΩ) ∧ df ≡ ±(Eydw)fiaΩ.
We next claim that
Kia · · ·Ki0Ω ∧Kid−1 · · ·KiaΩ ∧ df ≡ (−1)d−1 det(eI0)xˆI0fiaΩ mod f. (5)
Examine the coefficient of dxI0 = dxi0 ∧· · ·∧dxid−1 in the left hand side. The only
place dxI0 can occur is in
(Kia · · ·Ki0 det(eI0)xˆI0dxI0 ) ∧ (Kid−1 · · ·Kia det(eI0)xˆI0dxI0) ∧ fiadxia
= det(eI0)
2xˆ2I0dxia+1 ∧ · · · ∧ dxid−1 ∧ (−1)a(d−a)dxi0 ∧ · · · ∧ dxia−1 ∧ fiadxia
= (−1)d−1 det(eI0)xˆI0fia(det(eI0)xˆI0dxI0 ).
From here, equation (5) follows, because Ω =
∑
|I|=d det(eI)xˆIdxI , and the left
hand side of (5) is (some function) · Ω modulo multiples of f .
Returning to the calculation of the coboundary δ(ψ), by equation (5), we have
ψ˜ ≡ (−1)
d−1c˜ab
f
{
AB det(eI0)xˆI0Ω
fi0 · · · fid−1
}
i0...id−1
,
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so that
δ(ψ) ≡ (−1)
d−1c˜ab
f
{ d∑
k=0
(−1)kAB det(eI\{ik})xikfik xˆIΩ
fi0 · · · fid
}
I
,
where I = (i0, . . . , id). But the identity
∑d
k=0(−1)k det(eI\{ik})eik = 0 holds and
gives an Euler formula cβI f =
∑d
k=0(−1)k det(eI\{ik})xikfik [BC]. Thus,
δ(ψ) ≡ cab
{
ABcβI xˆIΩ
fi0 · · · fid
}
I
,
where cab = (−1)d−1c˜ab.
As in the classic case [PS], we will go further to relate the multiplicative structure
on some quotient of the homogeneous ring S to the cup product on the middle
cohomology of the quasismooth hypersurfaceX given by a homogeneous polynomial
f ∈ Sβ.
Definition 3.6. [BC] For f ∈ Sβ the Jacobian ideal J(f) ⊂ S is the ideal generated
by the partial derivatives ∂f/∂x1, . . . , ∂f/∂xn. Also, the Jacobian ring R(f) is the
quotient ring S/J(f) graded by the Chow group Ad−1(P).
To show a relation between the cup product and multiplication in R(f) we will
need two lemmas. We have the natural map S(a+1)β−β0 → Hd−1−a,a(X) that sends
A to the corresponding component of Res(ωA). The map
Res(ω )d−1−a,a : R(f)(a+1)β−β0 → Hd−1−a,a(X)
induced by the above one is well defined because of the following statement.
Lemma 3.7. If A ∈ J(f)(a+1)β−β0 , then Res(ωA)d−1−a,a = 0.
Proof. In case a = 0 the statement is trivial because J(f)β−β0 = 0. Assume that
a > 0. By Theorem 3.3, since A ∈ J(f), it suffices to show that {fjKia ···Ki0Ωfi0 ···fia }i0...ia
in Ca(U|X ,Ωd−1−aX ) is a Cˇech coboundary for one of the partial derivatives fj =
∂f/∂xj. We have
KjKia · · ·Ki0(df ∧ Ω) =(−1)a+2df ∧KjKia · · ·Ki0Ω+ (−1)a+1fjKia · · ·Ki0Ω
+
a∑
k=0
(−1)kfikKjKia · · · K̂ik · · ·Ki0Ω.
But df ∧ Ω ≡ 0 mod f by equation (3), and df = 0 on the hypersurface X .
Therefore, on X we have the identity:
fjKia · · ·Ki0Ω =
a∑
k=0
(−1)a+kfikKjKia · · · K̂ik · · ·Ki0Ω.
Hence,
{fjKia ···Ki0Ω
fi0 ···fia
}
i0...ia
is the image of (−1)a{KjKja−1 ···Kj0Ωfj0 ···fja−1 }j0...ja−1 under the
Cˇech coboundary map Ca−1(U|X ,Ωd−1−aX )→ Ca(U|X ,Ωd−1−aX ).
Consider the map S(d+1)β−2β0 → Hd,d(P) that sends a polynomial h to the class
in Hd,d(P) represented by the cocycle{
hcβI xˆIΩ
fi0 · · · fid
}
I
∈ Hˇd(U ,Ωd
P
)
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as in Theorem 3.5. This induces the map λ : R(f)(d+1)β−2β0 → Hd,d(P) well
defined by the following statement.
Lemma 3.8. If h ∈ J(f), then {hcβI xˆIΩfi0 ···fid}I is a Cˇech coboundary.
Proof. We can assume that h is one of the partial derivatives fj = ∂f/∂xj. Let I
be the ordered subset {i0, . . . , id} ⊂ {1, . . . , n}. Then the equality
cβI ej +
d∑
k=0
(−1)k+1cβ{j}∪I\{ik}eik = 0
(here, {j} ∪ I \ {ik} is the ordered set {j, i0, . . . , îk, . . . , id}) holds and gives the
Euler formula [BC]
(cβI bj +
d∑
k=0
(−1)k+1cβ{j}∪I\{ik}bik)f = c
β
I xjfj +
d∑
k=0
(−1)k+1cβ{j}∪I\{ik}xikfik ,
where the numbers bi are determined by β = [
∑n
i=1 biDi]. But the number c
β
I bj +∑d
k=0(−1)k+1cβ{j}∪I\{ik}bik is the determinant of a matrix with the same two rows
(bj , bi0 , . . . , bid), so it vanishes. Using the above Euler formula, we see that under
the Cˇech coboundary map Cd−1(U ,Ωd
P
)→ Cd(U ,Ωd
P
), the cocycle{
fjc
β
I xˆIΩ
fi0 · · · fid
}
I
=
{∑d
k=0(−1)kcβ{j}∪I\{ik}fik xˆ{j}∪(I\{ik})Ω
fi0 · · · fid
}
I
is the image of
{cβ
{j}∪J
xˆ{j}∪JΩ
fj0 ···fjd−1
}
J
, where J = {j0, . . . , jd−1} and {j}∪J is the ordered
set {j, j0, . . . , jd−1}.
As a consequence of Theorem 3.5 and the above two lemmas, we have proved
Theorem 3.9. Let X ⊂ P be a quasismooth hypersurface defined by f ∈ Sβ, and
suppose a+ b = d− 1. Then the diagram
R(f)(a+1)β−β0 ×R(f)(b+1)β−β0
cab·multiplication−−−−−−−−−−−→ R(f)(d+1)β−2β0
Res(ω )ba×Res(ω )ab
y λy
Hb,a(X)×Ha,b(X) ∪−→ Hd−1,d−1(X) δ−→ Hd,d(P)
commutes, where λ is as defined above and δ is the Gysin map.
4. Cohomology of regular hypersurfaces
In this section we will present an application of the Gysin spectral sequence to
computing cohomology of regular semiample hypersurfaces in a complete simplicial
toric variety P. We will obtain an explicit description of the cup product on some
part of the middle cohomology of such hypersurfaces. Section 3 studied the relation
between multiplication in R(f) and the cup product, whereas this section will study
such a relation of a smaller ring R1(f) and the cup product. The rings R(f)
and R1(f) were previously used in [BC] for studying the cohomology of ample
hypersurfaces.
Let D = P \ T = ⋃ni=1Di and let X ⊂ P be a regular hypersurface. Then
(X,X ∩D) is a toroidal pair [D, sect. 15] and also X ∩D consists of quasismooth
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components that intersect quasi-transversally. Therefore, by the results from [D,
sect. 15], we have
GrWk Ω
•
X(log(X ∩D)) ∼=
⊕
dimσ=k
Ω
•−k
X∩V (σ),
and the (Gysin) spectral sequence of this filtered complex [De, sect. 3.2]
Epq1 =H
p+q(X,GrW−pΩ
•
X(log(X∩D)) ∼=
⊕
dimσ=−p
H2p+q(X∩V (σ))⇒ Hp+q(X\(X∩D))
degenerates at E2 and converges to the weight filtrationW• on H
p+q(X \ (X ∩D)):
Epq2 = Gr
W
q H
p+q(X \ (X ∩D)).
In particular, note that
H1(X) ∼= GrW1 H1(X ∩T). (6)
Now assume that X ⊂ P is a regular semiample hypersurface. In this case
X \ (X ∩ D) = X ∩ T is a nondegenerate affine hypersurface in T. Hence, by
Lemma 2.6, Epq2 = Gr
W
q H
p+q(X ∩T) vanishes unless p+ q = d− 1 and q ≥ d− 1,
or p + q < d − 1 and q = −2p. Therefore, from the Gysin spectral sequence we
obtain the following exact sequences. First, for s odd, s < d− 1, we have
0→
⊕
dimσ= s−12
H1(X ∩ V (σ))→ · · · →
⊕
dimσ=k
Hs−2k(X ∩ V (σ))→ · · · → Hs(X)→ 0,
where the maps are alternating sums of the Gysin morphisms. Next, for s even,
s < d− 1, we get
0→ GrWs Hs/2(X ∩T)→
⊕
dimσ= s2
H0(X ∩ V (σ))→ · · · → Hs(X)→ 0.
Finally, for s = d− 1,
· · · →
⊕
dimσ=k
Hd−1−2k(X ∩ V (σ))→ · · · → Hd−1(X)→ GrWd−1Hd−1(X ∩T)→ 0.
(7)
Similar sequences exist for s > d − 1 that are exact except for one term. We will
be mainly concerned with the last exact sequence, which determines the middle
cohomology group of X .
The following fact, contained in Proposition 5.3 [C3], characterizes regular hy-
persurfaces.
Lemma 4.1. [C3] Let X ⊂ P be a hypersurface defined by a homogeneous poly-
nomial f . Then X is regular if and only if xi
∂f
∂xi
, i = 1, . . . , n, do not vanish
simultaneously on P. In this case we call f nondegenerate.
This lemma shows that in complete simplicial toric varieties regular hypersur-
faces are quasismooth. We shall prove a stronger analog of Theorem 3.9 for regular
semiample hypersurfaces.
In the case f is nondegenerate, the open sets U˜i = {x ∈ P : xifi(x) 6= 0} cover
the toric variety P. In particular, the open cover U˜ = {U˜i}ni=1 is a refinement of U
defined in the previous section.
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Definition 4.2. [BC] Given f ∈ Sβ, we get the ideal quotient
J1(f) = 〈x1∂f/∂x1, . . . , xn∂f/∂xn〉 : x1 · · ·xn
(see [CLO, p. 193]) and the ring R1(f) = S/J1(f) graded by the Chow group
Ad−1(P).
To show the relation between multiplication in R1(f) and the cup product on
the hypersurface defined by f we need some results similar to those in the previous
section.
Lemma 4.3. Let f ∈ Sβ be nondegenerate and let h ∈ J1(f), then the cocycle{hcβ
I
xˆIΩ
fi0 ···fid
}
I
vanishes in Hˇd(U˜ ,Ωd
P
).
Proof. The proof of this is similar to the proof of Lemma 3.8.
Theorem 4.4. Let X ⊂ P be a regular semiample hypersurface defined by f ∈ Sβ,
and suppose a+ b = d− 1.
(i) If A ∈ J1(f)(a+1)β−β0 , then Res(ωA)b,a = 0.
(ii) The map Res(ω )b,a : R1(f)(a+1)β−β0 → Hb,a(X) is injective, and the natural
composition
R1(f)(a+1)β−β0 → Hb,a(X)→ Hb,a(Hd−1(X ∩T))
is an isomorphism, so that we have a natural imbedding GrFWd−1Hd−1(X ∩T) →֒
GrFH
d−1(X). Moreover, we have an isomorphism
Hb,a(X) ∼= R1(f)(a+1)β−β0
⊕( n∑
i=1
ϕi!H
b−1,a−1(X ∩Di)
)
,
where ϕi! are the Gysin maps for ϕi : X ∩Di →֒ X, and
Res(ωA)
b,a ∪ ϕi!Hb−1,a−1(X ∩Di) = 0 for all A ∈ R1(f)(a+1)β−β0 .
Proof. (i) We will prove the statement using the Poincare´ duality
Hb,a(X)⊗Ha,b(X)→ Hd−1,d−1(X),
where b = d − 1 − a. Since the pairing is nondegenerate, it suffices to show for
A ∈ J1(f)(a+1)β−β0 that the cup product of Res(ωA)b,a with all elements inHa,b(X)
vanishes. For this we need to find the elements that span the group Ha,b(X).
Let X be linearly equivalent to a torus-invariant divisor
∑n
i=1 aiDi with ai ≥ 0,
and ∆ be the corresponding polytope defined by the inequalities 〈m, ei〉 ≥ −ai.
As in [B1], S∆ denotes the subring of C[t0, t
±1
1 , . . . , t
±1
d ] spanned over C by all
monomials of the form tk0t
m = tk0t
m1
1 · · · tmd1 where k ≥ 0 and m ∈ k∆. We have a
natural isomorphism of graded rings (see the proof of Theorem 11.5 [BC])
S∆ ∼=
∞⊕
k=0
Skβ ⊂ S,
sending tk0t
m to
∏n
i=1 x
kai+〈m,ei〉
i . This isomorphism induces the bijection
Skβ−β0
∏n
i=1
xi−−−−−→ 〈x1 · · ·xn〉kβ ∼= (I(1)∆ )k,
where I
(1)
∆ ⊂ S∆ is the ideal spanned by all monomials tk0tm such that m is in the
interior of k∆.
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As a consequence of the exact sequence (7) and Theorems 7.13, 8.2 [B1] we have
the diagram⊕n
i=1H
a−1,b−1(X ∩Di) ⊕ϕi!−−−→ Ha,b(X) −−→ Ha,b(Hd−1(X ∩T)) −−→ 0
Res(ω )ab
x Res(ω˜ )abx
S(b+1)β−β0 −−→ (I(1)∆ )b+1,
(8)
where the top row is exact, the right vertical map is defined by
ω˜tb+10 tm
=
tm
f˜(t)b+1
dt1
t1
∧ · · · ∧ dtd
td
(here, f˜(t) is the Laurent polynomial defining the affine hypersurface X∩T, so that
t0f˜(t) corresponds to f(x) under the isomorphism (S∆)1 ∼= Sβ) and Resab induced
by the Poincare´ residue mapping [B1, sect. 5]:
Res : Hd(T \ (X ∩T))→ Hd−1(X ∩T).
The diagram commutes because the restriction of the form ωB = BΩ/f
b+1, with
B =
∏n
i=1 x
(b+1)ai−1+〈m,ei〉
i , to the torus T coincides with
tm
f˜(t)b+1
dt1
t1
∧ · · · ∧ dtdtd
(use the coordinates tj =
∏n
i=1 x
〈mj ,ei〉
i on the torus with the fixed integer basis
m1, . . . ,md from Definition 3.2).
The first row in (8) is exact and the composition
S(b+1)β−β0 −→ (I(1)∆ )b+1
Res(ω˜ )ab−−−−−−→ Ha,b(Hd−1(X ∩T))
is surjective by Theorem 8.2 [B1]. Therefore, the group Ha,b(X) is spanned by
Res(ωB)
ab for B ∈ S(b+1)β−β0 and ϕi!(Ha−1,b−1(X ∩Di)) for i = 1, . . . , n.
From Theorem 3.5 and Lemma 4.3 it follows that Res(ωA)
ba ∪ Res(ωB)ab = 0
for A ∈ J1(f)(a+1)β−β0 and all B ∈ S(b+1)β−β0 . Also, for any A ∈ S(a+1)β−β0 and
h ∈ Ha−1,b−1(X ∩Di) we have
Res(ωA)
ba ∪ ϕi!h = ϕi!(ϕ∗iRes(ωA)ba ∪ h) (9)
by the projection formula for Gysin homomorphisms. However, ϕ∗iRes(ωA)
ba is rep-
resented by the restriction of the Cˇech cocycle ca
{AKia ···Ki0Ω
fi0 ···fia
}
i0...ia
∈ Hˇa(U˜ |X ,ΩbX)
from Theorem 3.3 to X ∩Di. This restriction vanishes, because, if i ∈ {i0, . . . , id}
then U˜i0 ∩ · · · ∩ U˜ia ∩ Di is empty, and, if i /∈ {i0, . . . , id} then each term in the
form Kia · · ·Ki0Ω contains xi or dxi. Thus, we have shown that the cup product
of Res(ωA)
ba, A ∈ J1(f)(a+1)β−β0, with all elements in Ha,b(X) vanishes, and the
result follows.
(ii) From the diagram (8) and part (i), we get a natural map R1(f)(a+1)β−β0 →
Hd−1−a,a(Hd−1(X ∩ T)). The fact that this map is an isomorphism follows from
the proof of Theorem 11.8 [BC]. Using the diagram (8), we can now see that the
map Res(ω )d−1−a,a : R1(f)(a+1)β−β0 → Hd−1−a,a(X) is injective, and we get the
desired description of the middle cohomology group Hd−1(X). By equation (9),
Res(ωA)
d−1−a,a ∪ ϕi!Hd−2−a,a−1(X ∩Di) = 0.
Combining Theorem 3.9 with Lemma 4.3 and Theorem 4.4(i) we get the following
result.
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Theorem 4.5. Let X ⊂ P be a regular semiample hypersurface defined by f ∈ Sβ,
and suppose a+ b = d− 1. Then the diagram
R1(f)(a+1)β−β0 ×R1(f)(b+1)β−β0
cab·multiplication−−−−−−−−−−−→ R1(f)(d+1)β−2β0
Res(ω )ba×Res(ω )ab
y λy
Hb,a(X)×Ha,b(X) ∪−→ Hd−1,d−1(X) δ−→ Hd,d(P)
commutes, cab =
(−1)a(a+1)/2+b(b+1)/2+a2+d−1
a!b! .
We will finish this section with an explicit procedure of computing∫
X
Res(ωA)
ba ∪ Res(ωB)ab.
To have this we need generalizations of some results in [C3].
Definition 4.6. [C3] Assume F0, . . . , Fd ∈ Sβ do not vanish simultaneously on a
complete toric variety P. Then the toric residue map
ResF : Sρ/〈F0, . . . , Fd〉ρ → C,
ρ = (d+ 1)β − β0, is given by the formula ResF (H) = TrP([ϕF (H)]), where TrP :
Hd(P,Ωd
P
)→ C is the trace map, and [ϕF (H)] is the class represented by the d-form
HΩ
F0···Fd in Cˇech cohomology with respect to the open cover {x ∈ P : Fi(x) 6= 0}.
Proposition 4.7. If F0, . . . , Fd ∈ Sβ, then there is JF ∈ S(d+1)β−β0 such that
d∑
j=0
(−1)jFjdF0 ∧ · · · ∧ d̂Fj ∧ · · · ∧ dFd = JFΩ.
Furthermore, if I = {i0, . . . , id} ⊂ {1, . . . , n} such that cβI 6= 0 (if β 6= 0, there is at
least one such I), then JF = det(∂Fj/∂xik)/c
β
I xˆI . The polynomial JF is called the
toric Jacobian of F0, . . . , Fd.
Proof. This is essentially Proposition 4.1 in [C3]. To show that JF coincides with
the toric Jacobian in [C3] use the Euler formula
cβI g =
d∑
k=0
(−1)k det(eI\{ik})xik
∂g
∂xik
for g ∈ Sβ
from the proof of Theorem 3.5.
Theorem 4.8. Let P be a complete toric variety, and let β ∈ Ad−1(P) be semi-
ample. If F0, . . . , Fd ∈ Sβ do not vanish simultaneously on P, then:
(i) The toric residue map ResF : Sρ/〈F0, . . . , Fd〉ρ → C, ρ = (d+ 1)β − β0, is
an isomorphism.
(ii) If JF ∈ S(d+1)β−β0 is the toric Jacobian of F0, . . . , Fd, then
ResF (JF ) = d!vol(∆) = deg(F ),
where ∆ is the polyhedron associated to a torus-invariant divisor in the equivalence
class of β and F : P→ Pd is the map defined by F (x) = (F0(x), . . . , Fd(x)).
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Proof. This statement was proved for ample β in Theorem 5.1 [C3], but the proof
can be applied in our case almost without change. Indeed, consider the map
F = (F0, . . . , Fd) : P → Pd given by the sections of a semiample line bundle
OP(D). Since (Dd) > 0 and F0, . . . , Fd do not vanish simultaneously on P, it
follows that F0, . . . , Fd are linearly independent. We can extend F0, . . . , Fd to
a basis of H0(P,OP(D)) which gives the associated map φ : P → PN , where
N = h0(P,OP(D))− 1. Then the map F factors through the map φ and a projec-
tion
p : PN \ L→ Pd, (y0, . . . , yN ) 7→ (y0, . . . , yd),
where L ⊂ PN is a projective subspace defined by y0 = · · · = yd = 0. By Exercise
on p. 73 [F1, sect. 3.4], the dimension of the image of φ is d. Using a dimension
argument, one can show that p−1(y0, . . . , yd) ∩ im(φ) is nonempty. Hence, F is
surjective, and, consequently, generically finite. Propositions 3.1, 3.2 and 3.3 in
[C3] are still valid in the case β is semiample, because the isomorphism S∆ ∼= S∗β
holds. The rest of the arguments in [C3] applies without change.
Definition 4.9. [BC] Given f ∈ Sβ, let J0(f) ⊂ S denote the ideal generated by
xi∂f/∂xi, 1 ≤ i ≤ n, and put R0(f) = S/J0(f).
Lemma 4.10. If I = {i0, . . . , id} ⊂ {1, . . . , n} such that cβI 6= 0, then xi∂f/∂xi,
i ∈ I, don’t vanish simultaneously on P, and J0(f) = 〈xi0∂f/∂xi0 , . . . , xid∂f/∂xid〉.
Proof. If cβI 6= 0, then ei0 , . . . , eid span MR. From the Euler formula cβI f =∑d
k=0(−1)k det(eI\{ik})xik ∂f∂xik and Proposition 5.3 [C3] the lemma follows.
We now return to the calculation of
∫
X Res(ωA)
ba∪Res(ωB)ab, when X is a reg-
ular semiample hypersurface. Let Fj = xj
∂f
∂xj
, and let I = {i0, . . . , id} ⊂ {1, . . . , n}
be such that cβI 6= 0. Then denote J = det(∂Fj∂xi )i,j∈I/(c
β
I )
2xˆI . One can show that J
does not depend on the choice of I. By Lemma 4.10, the polynomials Fi, i ∈ I, do
not vanish simultaneously on P, and determine the toric residue map ResFI . From
the definitions of λ, ResFI , and Proposition A.1 [C3], we obtain a commutative
diagram
R1(f)(d+1)β−2β0
∏n
i=1
xi−−−−−→ R0(f)(d+1)β−β0
λ
y cβIResFIy
Hd,d(P)
( −1
2pi
√
−1
)d
∫
P−−−−−−−−→ C,
(10)
where the arrow on the top is just the multiplication. Using Theorem 4.8, we get
the following procedure. For given A ∈ R1(f)(a+1)β−β0 and B ∈ R1(f)(b+1)β−β0
there is a unique constant c such that
A ·Bx1 · · ·xn − cJ ∈ 〈x1∂f/∂x1, . . . , xn∂f/∂xn〉.
Then ∫
X
Res(ωA)
ba ∪ Res(ωB)ab = c(−2π
√−1)dcabd!vol(∆D),
where D =
∑n
i=1 aiDi such that [D] = β.
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5. Cup product on regular semiample threefolds
In this section we will completely describe the middle cohomology and the cup
product on it for a regular semiample hypersurface X ⊂ PΣ, when dimPΣ = 4.
It follows from (7) that the map
⊕n
i=1H
1(X ∩ Di) ⊕ϕi!−−−→ H3(X) is injective.
Hence, by Theorem 4.4,
Hb,a(X) ∼= R1(f)(a+1)β−β0
⊕( n⊕
i=1
ϕi!H
b−1,a−1(X ∩Di)
)
, (11)
where a+ b = 3. We first determine which of the groups Hb−1,a−1(X ∩Di) vanish.
Lemma 5.1. Let X ⊂ PΣ, dimPΣ = 4, be a Σ-regular semiample hypersurface,
and let π : PΣ → PΣX be the morphism associated with X. Then
(i) H1(X ∩ Di) = 0 unless ρi ⊂ σ for some 2-dimensional cone σ ∈ ΣX , and
ρi /∈ ΣX(1) (so ρi \ {0} lies in the relative interior of σ).
(ii) For ρi ⊂ σ, such that σ ∈ ΣX(2) and ρi /∈ ΣX(1), we have
π∗i : H
1(Y ∩ V (σ)) ∼= H1(X ∩Di),
where V (σ) = π(Di) is the orbit closure corresponding to σ ∈ ΣX , Y := π(X), and
πi : X ∩Di → Y ∩ V (σ) is the map induced by π.
Proof. (i) Applying (6) to the regular hypersurface X ∩Di in the toric variety Di,
we have
H1(X ∩Di) ∼= GrW1 H1(X ∩Tρi). (12)
If ρi ∈ ΣX(1) then X ∩Tρi is a nondegenerate affine hypersurface in Tρi because
of (2). Hence,
GrW1 H
1(X ∩Tρi ) ∼= GrW1 H1(Tρi) = 0.
If ρi does not lie in a cone σ ∈ ΣX(2), then X ∩ Tρi is empty or a disjoint finite
union of (C∗)2, by equation (2). In this case GrW1 H
1(X ∩Tρi) also vanishes, and
the part (i) follows.
(ii) Suppose ρi /∈ ΣX(1) is contained in a cone σ ∈ ΣX(2), and let σ′ ∈ Σ(2) be
the cone such that ρi ⊂ σ′ ⊂ σ. Then we get a composition
H1(Y ∩ V (σ)) pi
∗
i−→ H1(X ∩Di)
ϕ∗
i,σ′−−−→ H1(X ∩ V (σ′)),
where ϕi,σ′ : X ∩ V (σ′) →֒ X ∩ Di is the inclusion. To prove part (ii) it suffices
to show that this composition is an isomorphism and all spaces in the composition
are of the same dimension. Applying (6) to the regular hypersurfaces X ∩ V (σ′) in
V (σ′) and Y ∩ V (σ) in V (σ), we get a commutative diagram
H1(Y ∩ V (σ)) ∼= GrW1 H1(Y ∩Tσ)
↓ ↓
H1(X ∩ V (σ′)) ∼= GrW1 H1(X ∩Tσ′ ),
where the vertical arrow on the right is induced by the isomorphism Tσ′ ∼= Tσ.
From the diagram we see that the natural map H1(Y ∩ V (σ)) → H1(X ∩ V (σ′))
is an isomorphism. On the other hand, since X ∩Tρi ∼= (Y ∩Tσ)×C∗ because of
(2), it follows from (12) that
H1(X ∩Di) ∼= GrW1 H1((Y ∩Tσ)× C∗) ∼= GrW1 H1(Y ∩Tσ)
by the Ku¨nneth isomorphism. Thus, the dimensions of spaces H1(X ∩ Di) and
H1(Y ∩ V (σ)) coincide. This finishes the proof of part (ii).
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The above lemma relates the nonvanishing groups H1(X ∩ Di) to the middle
cohomologies of regular ample hypersurfaces in 2-dimensional toric varieties. Using
(11) and Theorem 4.4, we can now give a complete algebraic description of the
middle cohomology group H3(X). Let S(V (σ)) = C[yγ : σ ⊂ γ ∈ ΣX(3)] be the
coordinate ring of the 2-dimensional complete toric variety V (σ) ⊂ PΣX , and let
fσ ∈ S(V (σ))βσ denote the polynomial defining the hypersurface Y ∩V (σ) in V (σ).
Then, as in Definition 4.2, we have the ideal J1(fσ) in S(V (σ)) and the quotient
ring R1(fσ) = S(V (σ))/J1(fσ). By Theorem 4.4(ii), we have an isomorphism
H2−a,a−1(Y ∩ V (σ)) ∼= R1(fσ)aβσ−βσ
0
,
where βσ0 = deg(
∏
γ yγ) ∈ A1(V (σ)). We can now state our first main result of this
section.
Theorem 5.2. Let X ⊂ PΣ, dimPΣ = 4, be a regular semiample hypersurface
defined by f ∈ Sβ. Then there is a natural isomorphism
H3−a,a(X) ∼= R1(f)(a+1)β−β0
⊕( ⊕
σ∈ΣX (2)
(R1(fσ)aβσ−βσ0 )
n(σ)
)
,
where n(σ) is the number of cones ρi such that ρi ⊂ σ and ρi /∈ ΣX(1).
Remark 5.3. As we mentioned in introduction and in Remark 2.5, in the Batyrev
mirror construction [B2] a MPCP-desingularization Ẑ of an ample Calabi-Yau hy-
persurface of a toric Fano variety P∆, corresponding to a reflexive polytope ∆, is
a regular semiample hypersurface. In Corollary 4.5.1 [B2] Batyrev calculated the
Hodge number
h2,1(Ẑ) = l(∆)− 5−
∑
codimθ=1
l∗(θ) +
∑
codimθ=2
l∗(θ)l∗(θ∗),
where θ is a face of ∆, θ∗ is the corresponding dual face of the dual reflexive
polyhedron ∆∗, and l(Γ) (resp. l∗(Γ)) denotes the number of integer (resp. interior
integer) points in Γ. We can compare this number with the algebraic description of
H2,1(Ẑ) in the above theorem. From Theorem 4.4 we know that dimR1(f)2β−β0 =
h2,1(Ẑ∩T), which is equal to l(∆)−5−∑codimθ=1 l∗(θ) by Theorem 4.3.1 [B2]. The
number l∗(θ∗) is equal to n(σ) of the above theorem for the cone σ, corresponding
to the face θ of ∆. And finally, one can verify that dimR1(fσ)βσ−βσ0 corresponds
to l∗(θ). We can now see how the formula for the Hodge number h2,1(Ẑ) is related
to our algebraic description.
The next thing we want to do is to compute the cup product on H3(X) in terms
of the algebraic description in the above theorem. To compute this cup product we
need one topological result.
Lemma 5.4. Let K, L be subvarieties of a compact V-manifold M , which intersect
quasi-transversally, and suppose that K, L and K ∩ L are compact V-manifolds.
Then the diagram
H•(K)
i!−−−−→ H•(M)
i′∗
y j∗y
H•(K ∩ L) α·j
′
!−−−−→ H•(L),
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commutes, where i, j, i′, j′ are inclusions, and the constant α satisfies [K] ∪ [L] =
α[K ∩ L] for fundamental cohomology classes of K, L and K ∩ L in M .
Proof. The arguments are the same as in the proof of Proposition 10.9 [Do, VIII].
The only difference is caused by the difference between [K] ∪ [L] and [K ∩ L] (in
the smooth case we won’t see this difference).
Example 5.5. A simple nontrivial example of the above lemma occurs when M
is a 2-dimensional toric variety and K, L are irreducible torus-invariant divisors,
intersecting in a point. In this case we have to compare the composition of maps
H0(K)
i!→ H2(M) j
∗
→ H2(L) with H0(K) i
′∗
→ H0(K ∩L) j
′
!→ H2(L). Since H0(M) i
∗
∼=
H0(K) and H2(L)
j!∼= H4(M) are isomorphisms, it suffices to compare j!j∗i!i∗ =
[K] ∪ [L] ∪ with j!j′!i′∗i∗ = [K ∩ L] ∪ on H0(M). The difference between
[K] ∪ [L] and [K ∩ L] can be easily determined by means of the ring isomorphism
A•(M)⊗ C ∼= H2•(M) [D, sect. 10], which sends a cycle class of a subvariety V to
its fundamental cohomology class [V ] in M .
Equation (11) provides a description of the middle cohomology group H3(X).
We first show where the cup product on H3(X) vanishes.
Lemma 5.6. ϕi!H
1(X ∩ Di) ∪ ϕj !H1(X ∩ Dj) = 0, i 6= j, unless ρi, ρj span a
cone σ′ ∈ Σ contained in a 2-dimensional cone of ΣX .
Proof. By the projection formula for Gysin homomorphisms, we know that
ϕi! ∪ ϕj ! = ϕj !(ϕ∗jϕi! ∪ ).
By Lemma 5.4, for i 6= j we have a commutative diagram
H1(X ∩Di) ϕi!−−→ H3(X)
ϕ∗ij
y ϕ∗jy
H1(X ∩Di ∩Dj)
αijϕji!−−−−→ H3(X ∩Dj),
(13)
where ϕij : X ∩Di ∩Dj →֒ X ∩Di is the inclusion map and αij is an appropriate
constant. Hence, it suffices to show that H1(X ∩ Di ∩ Dj) = 0. This is so, if ρi
and ρj do not span a cone in Σ, because Di ∩ Dj is an empty set in this case. If
ρi and ρj span a cone σ
′ ∈ Σ, then Di ∩Dj = V (σ′). Applying (6) to the regular
hypersurface X ∩ V (σ′) in V (σ′), we see
H1(X ∩ V (σ′)) ∼= GrW1 H1(X ∩Tσ′ ).
On the other hand, if σ′ is not contained in a 2-dimensional cone of ΣX , then
X ∩ Tσ′ is empty or a disjoint finite union of C∗, by equation (2). In this case
GrW1 H
1(X ∩Tσ′) = 0, and the result follows.
From the above result and Lemma 5.1 we can see that the cup product of two
different spaces ϕi!H
1(X ∩Di) and ϕj !H1(X ∩Dj) vanishes unless we assume that
ρi \ {0} and ρj \ {0} lie in the relative interior of a 2-dimensional cone σ ∈ ΣX and
ρi, ρj span a cone σ
′ ∈ Σ:
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✏
✏
✏
✏
✏
✏
✏
✏
✏
✥✥
✥✥
✥✥
✥
ρi
σ′
ρj
σ
❤❤❤❤❤❤❤
P
P
P
P
P
PP
❍
❍
❍
❍
❍
❍
❍
❍
❍
In this case, by Lemma 5.1(ii), we have natural isomorphisms
ϕi!H
1(X ∩Di) ∼= H1(Y ∩ V (σ)) ∼= ϕj !H1(X ∩Dj),
which provide a natural way to compute the cup product on different spaces:
Lemma 5.7. If ρi 6= ρj, not belonging to ΣX , span a cone σ′ ∈ Σ contained in a
cone σ ∈ ΣX(2), then
ϕi!π
∗
i l1 ∪ ϕj !π∗j l2 =
ϕσ′ !π
∗
σ′ (l1 ∪ l2)
mult(σ′)
for l1, l2 ∈ H1(Y ∩ V (σ)), where πσ′ : X ∩ V (σ′)→ Y ∩ V (σ) is the projection and
ϕσ′ : X ∩ V (σ′) →֒ X is the inclusion.
Proof. Suppose that ρi and ρj span a cone σ
′ ∈ Σ contained in σ ∈ ΣX(2). Then,
using (13) and the projection formula, for l1, l2 ∈ H1(Y ∩ V (σ)) we compute
ϕi!π
∗
i l1 ∪ ϕj !π∗j l2 = ϕj !(ϕ∗jϕi!π∗i l1 ∪ π∗j l2) = ϕj !(αijϕji!ϕ∗ijπ∗i l1 ∪ π∗j l2)
= ϕj !ϕji!(αijϕ
∗
ijπ
∗
i l1 ∪ ϕ∗jiπ∗j l2) = αijϕj !ϕji!ϕ∗ijπ∗i (l1 ∪ l2) = ϕj !ϕ∗jϕi!π∗i (l1 ∪ l2).
We want to compare the map
ϕj !ϕ
∗
jϕi!π
∗
i : H
2(Y ∩ V (σ))→ H6(X)
with the map
ϕσ′ !π
∗
σ′ : H
2(Y ∩ V (σ))→ H6(X).
These are the linear maps between 1-dimensional spaces, so they differ by a multiple
of a constant. We will determine this constant using the two commutative diagrams:
H2(PΣX )
pi∗−−→ H2(PΣ)y yϕ∗i
H2(V (σ))
pi∗i−−→ H2(Di) ϕi!−−→ H4(PΣ)
ϕ∗j−−→ H4(Dj)
ϕj !−−→ H6(PΣ)y y y y yi∗
H2(Y ∩ V (σ)) pi
∗
i−−→ H2(X ∩Di) ϕi!−−→ H4(X)
ϕ∗j−−→ H4(X ∩Dj)
ϕj !−−→ H6(X)yi!
H8(PΣ),
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H2(PΣX )
pi∗−−→ H2(PΣ)y yϕ∗σ′
H2(V (σ))
pi∗
σ′−−→ H2(V (σ′)) ϕσ′ !−−→ H6(PΣ)y y yi∗
H2(Y ∩ V (σ)) pi
∗
σ′−−→ H2(X ∩ V (σ′)) ϕσ′ !−−→ H6(X) i!−−→ H8(PΣ),
where the vertical maps are induced by the inclusions. By Lemma 5.4 we had to
have some multiplicities in the above diagrams. These multiplicities are all one
because for any γ ∈ Σ we have X ·V (γ) = X ∩V (γ) in A•(PΣ). Indeed, consider a
resolution p : PΣ′ → PΣ, corresponding to a nonsingular subdivision Σ′ of Σ. Then,
by the proof of Lemma 2.3, p−1(X) ⊂ PΣ′ is a regular semiample hypersurface. By
the projection formula for cycles, for γ′ ∈ Σ′(dim γ), contained in γ, we have
X ·V (γ) = p∗(p∗(X)·V (γ′)) = p∗(p−1(X)·V (γ′)) = p(p−1(X)∩V (γ′)) = X∩V (γ).
We know a nonzero class [Y ] ∈ H2(PΣX ), the fundamental cohomology class of Y
inPΣX . Mapping this class toH
8(PΣ) in the above two diagrams, we get [X ]∪[Di]∪
[Dj]∪[X ] and [X ]∪[V (σ′)]∪[X ], respectively. Using the ring isomorphism A•(PΣ)⊗
C ∼= H2•(PΣ), from Lemma 1.4 we find that [X ]∪[V (σ′)]∪[X ] does not vanish, and,
since Di · Dj = 1mult(σ′)V (σ′) [F1, sect. 5.1], it follows that mult(σ′)ϕj !ϕ∗jϕi!π∗i =
ϕσ′ !π
∗
σ′ on H
2(Y ∩ V (σ)).
We have computed the cup product of any two different spaces in (11). Now we
compute the cup product on ϕi!H
1(X ∩Di), which does not vanish when ρi \ {0}
lies in the relative interior of a 2-dimensional cone σ ∈ ΣX . In this case there are
exactly two cones in Σ, contained in σ and containing ρi:
✏
✏
✏
✏
✏
✏
✏
✏
✏
✥✥
✥✥
✥✥
✥
σ′ ρi
σ′′
σ
❤❤❤❤❤❤❤
P
P
P
P
P
PP
❍
❍
❍
❍
❍
❍
❍
❍
❍
In terms of this, we have
Lemma 5.8. Let ρi /∈ ΣX be in some σ ∈ ΣX(2) and let σ′, σ′′ ∈ Σ(2) be the two
cones, containing ρi and contained in σ. Then
ϕi!π
∗
i l1 ∪ ϕi!π∗i l2 = −
mult(σ′ + σ′′)
mult(σ′)mult(σ′′)
ϕσ′ !π
∗
σ′(l1 ∪ l2)
for l1, l2 ∈ H1(Y ∩ V (σ)).
Proof. By the projection formula, we have
ϕi!π
∗
i ∪ ϕi!π∗i = ϕi!(ϕ∗iϕi!π∗i ∪ π∗i ) = ϕi!ϕ∗iϕi!π∗i ( ∪ ).
As in the proof of the previous lemma, we compare the maps ϕi!ϕ
∗
iϕi!π
∗
i and ϕσ′ !π
∗
σ′ .
Using the arguments of Lemma 5.7, we get
(X2 · V (σ′))ϕi!ϕ∗iϕi!π∗i = (X2 ·D2i )ϕσ′ !π∗σ′ (14)
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onH2(Y ∩V (σ)). All we need is to compute the intersection number (X2 ·D2i ). Take
any m ∈ M , such that 〈m, ei〉 6= 0. The Weil divisor
∑n
j=1〈m, ej〉Dj is equivalent
to 0, whence
(X2 ·D2i ) =
1
〈m, ei〉 (X
2 ·Di · (
∑
j 6=i
−〈m, ej〉Dj)).
However, Di · Dj = 1mult(γ)V (γ), if ρi and ρj span a cone γ ∈ Σ, or Di · Dj = 0
otherwise. On the other hand, by Lemma 1.4, (X2 ·V (γ)) = 0 unless γ is contained
in σ. There are exactly two such cones σ′ and σ′′, contained in σ and containing
ρi. Suppose that e
′ and e′′ are the primitive generators of the cones σ′ and σ′′, not
lying in ρi. Then
(X2 ·D2i ) = −
〈m, e′〉
〈m, ei〉mult(σ′) (X
2 · V (σ′))− 〈m, e
′′〉
〈m, ei〉mult(σ′′) (X
2 · V (σ′′)).
Since σ′⊥ = σ′′⊥, equation (1) shows that (X2 · V (σ′)) = (X2 · V (σ′′)). Also, from
[D, sect. 8.2] it follows that mult(σ′ + σ′′)ei = mult(σ′)e′′ +mult(σ′′)e′. Therefore,
(X2 ·D2i ) = −
mult(σ′ + σ′′)
mult(σ′)mult(σ′′)
(X2 · V (σ′)),
and the result follows from equation (14).
We have finished the calculation of the cup product on H3(X). To state a
theorem in a nice form we need to define a couple of maps. The map η : R1(f)→ C
is defined as
∫
PΣ
λ on R1(f)5β−2β0 (different by a multiple from the map in (10)),
and 0 in all other degrees. Similarly, replacing PΣ with V (σ) and f with fσ, we
have the map ησ : R1(fσ) → C equal to 0 in all degrees except for 3βσ − 2βσ0 .
Recall also that Theorem 5.2 gives isomorphism
H3−a,a(X) ∼= R1(f)(a+1)β−β0
⊕( ⊕
σ∈ΣX (2)
(R1(fσ)aβσ−βσ0 )
n(σ)
)
.
The following is the description of the cup product on the middle cohomology of
the hypersurface.
Theorem 5.9. Let X ⊂ PΣ, dimPΣ = 4, be a regular semiample hypersurface
defined by f ∈ Sβ. If A ∈ R1(f)(a+1)β−β0 , B ∈ R1(f)(b+1)β−β0 are identified
with elements of GrFH
3(X) by means of the isomorphism in Theorem 5.2, then∫
X
A ∪B = cabη(A ·B), where cab = (−1)
a(a+1)/2+b(b+1)/2+a2+3
a!b! . If we write
(R1(f)aβσ−βσ
0
)n(σ) =
⊕
σ⊃ρi /∈ΣX
Lσ,ia ,
where Lσ,ia = R1(fσ)aβσ−βσ0 correspond to the cones ρi lying in a 2-dimensional
cone σ ∈ Σ, then for li ∈ Lσ,ia , l′i ∈ Lσ,ib , lj ∈ Lσ,jb (identified with elements of
GrFH
3(X)) we have ∫
X
li ∪ lj = (−1)a−1 ησ(li · lj)
mult(σ′)
in case ρi and ρj span a cone σ
′ ∈ Σ(2),∫
X
li ∪ l
′
i = −
mult(σ′ + σ′′)
mult(σ′)mult(σ′′)
(−1)a−1ησ(li · l
′
i),
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where σ′, σ′′ ∈ Σ(2) are the two cones, contained in σ and containing ρi. The cup
product vanishes in all other cases.
Remark 5.10. If X is a MPCP-desingularization Ẑ of an ample Calabi-Yau hy-
persurface as in [B2], then the multiplicity mult(σ′) is 1 for all 2-dimensional cones
σ′, by the properties of a reflexive polytope. Also, in this case mult(σ′ + σ′′) = 2
in the above theorem.
6. Hodge numbers and a “counterexample” in mirror symmetry
In this section we discuss on what kind of mirror symmetry has to be studied.
Mirror symmetry proposes that if two smooth m-dimensional Calabi-Yau varieties
V and V ∗ form a mirror pair, then their Hodge numbers must satisfy the relations
hp,q(V ) = hm−p,q(V ∗), 0 ≤ p, q ≤ m. (15)
A construction in [B2], associated with a pair of reflexive polytopes, satisfies the
above equalities for q = 0, 1 [BD], even if V and V ∗ are compact orbifolds (i.e.,
V -manifolds). We will compute the Hodge numbers hp,2 of a regular semiample
hypersurface in a complete simplicial toric variety PΣ. Then we shall apply our for-
mula to the Batyrev mirror construction [B2], and check that there is no symmetry
for the Hodge numbers of MPCP-desingularizations Ẑ of ample Calabi-Yau hyper-
surfaces Z coming from a pair of reflexive polytopes ∆ and ∆∗. However, Theorem
4.15 [BB] and Theorem 6.9 [BD] show that if these MPCP-desingularizations Ẑ are
smooth, then the duality (15) holds. On the other hand, Theorem 4.15 [BB] shows
that (15) holds for the string-theoretic Hodge numbers hp,qst of the singular ample
Calabi-Yau hypersurfaces Z. This confirms the idea that mirror symmetry has to
be studied for smooth varieties with usual Hodge numbers or for singular varieties
with string-theoretic Hodge numbers.
In order to compute the Hodge numbers we use the ep,q numbers introduced in
[DK]:
ep,q(V ) =
∑
k
(−1)khp,q(Hkc (V )),
defined for arbitrary algebraic variety V . These numbers satisfy the property
ep,q(V ) = (−1)p+qhp,q(V ) if V is a compact orbifold.
Let X ⊂ PΣ, dimPΣ = d, be a Σ-regular semiample hypersurface with the
associated map π : PΣ → PΣX , Y = π(X), as in Proposition 2.4. Using the
properties of ep,q numbers [DK] and equation (2), for p + q > d − 1, p 6= q, we
compute
hp,q(X) = (−1)p+qep,q(X) = (−1)p+q
∑
σ∈Σ
ep,q(X ∩Tσ)
= (−1)p+q
∑
γ∈ΣX
γ⊃σ∈Σ
ep−i,q−i(Y ∩Tγ) · ei,i((C∗)dim γ−dimσ),
where the sum is by all σ ∈ Σ such that γ ∈ ΣX is the smallest cone containing σ.
Hence, we get
hp,q(X) = (−1)p+q
∑
γ∈ΣX
0<k≤dim γ−i
ak(γ)(−1)dim γ−k+i
(
dim γ − k
i
)
ep−i,q−i(Y ∩Tγ),
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where ak(γ) denotes the number of cones σ ∈ Σ(k) such that γ ∈ ΣX is the
smallest cone containing σ, and
(
s
i
)
is the usual binomial coefficient. It follows
from a formula in [DK, sect. 3.11] that in the last sum ep−i,q−i(Y ∩Tγ) = 0 unless
(p− i) + (q − i) ≤ dim(Y ∩Tγ) (equivalently, dim γ ≤ d− 1− p− q+ 2i). We now
assume q = d− 3. Then, for p > 2, p 6= d− 3, we have
hp,d−3(X) = (−1)p+d−3
∑
γ∈ΣX(l)
0<k≤l−i
l≤2−p+2i
ak(γ)(−1)l−k+i
(
l − k
i
)
ep−i,d−3−i(Y ∩Tγ)
= (−1)p+d−3
∑
γ∈ΣX(l)
0<k≤l−i≤2−p+i
0≤p−i≤1
ak(γ)(−1)l−k+i
(
l− k
i
)
ed−3−i,p−i(Y ∩Tγ)
= (−1)p+d−3
( ∑
γ∈ΣX(p)
a1(γ)e
d−2−p,1(Y ∩Tγ) +
∑
γ∈ΣX(p+1)
a1(γ)e
d−3−p,0(Y ∩Tγ)
+
∑
γ∈ΣX(p+2)
1≤k≤2
ak(γ)(−1)k
(
p+ 2− k
p
)
ed−3−p,0(Y ∩Tγ)
)
Let X be linearly equivalent to a torus-invariant divisor
∑n
i=1 biDi, which gives
a polytope ∆. By Remark 1.3, a cone γ ∈ ΣX corresponds to a face Γγ of ∆.
Applying Corollary 5.9 and Proposition 5.8 in [DK], we get:
ed−2−p,1(Y ∩Tγ) = (−1)d−p−1
(
l∗(2Γγ)− (d− p+ 1)l∗(Γγ)−
∑
Γ⊂Γγ
codimΓ=1
l∗(Γ)
)
if dim γ = p (here, l∗(Γ) is the number of interior integral points in Γ). Furthermore,
ed−3−p,0(Y ∩Tγ) = (−1)d−p−2
∑
Γ⊂Γγ
codimΓ=1
l∗(Γ) if dim γ = p+ 1,
ed−3−p,0(Y ∩Tγ) = (−1)d−p−3l∗(Γγ) if dim γ = p+ 2.
Substituting these numbers in the above formula, we obtain
hp,d−3(X) =
∑
γ∈ΣX(p)
a1(γ)
(
l∗(2Γγ)− (d− p+ 1)l∗(Γγ)−
∑
Γ⊂Γγ
codimΓ=1
l∗(Γ)
)
−
∑
γ∈ΣX (p+1)
a1(γ)
( ∑
Γ⊂Γγ
codimΓ=1
l∗(Γ)
)
+
∑
γ∈ΣX(p+2)
(a2(γ)− a1(γ)(p+ 1))l∗(Γγ).
Simplifying and using Poincare´ duality, we find for p > 2, p 6= d− 3,
hd−1−p,2(X) =
∑
γ∈ΣX(p)
a1(γ)
(
l∗(2Γγ)− (d− p+ 1)l∗(Γγ)−
∑
Γ⊂Γγ
codimΓ=1
l∗(Γ)
)
+
∑
γ∈ΣX(p+2)
l∗(Γγ)
(
a2(γ)− (p+ 1)a1(γ)−
∑
τ⊂γ
codimτ=1
a1(τ)
)
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We now can apply this formula to the mirror construction in [B2]. We recall
that a MPCP-desingularization of a toric variety P∆, associated with a reflexive
polytope ∆, is a complete simplicial toric variety, corresponding to a refinement
Σ of the normal fan of ∆ such that the cone generators in the fan Σ are exactly
N∩∆∗−{0} (here, ∆∗ is the dual reflexive polytope). Notice that if Ẑ∆ is a MPCP-
desingularization of a regular ample hypersurface Z∆ ⊂ P∆, then the toric variety
P∆ coincides with PΣZˆ∆
. We also note that in the above formula the number a1(γ),
for γ ∈ ΣZˆ∆ , is equal to l∗(Γ∗γ), where Γ∗γ is the dual face of ∆∗.
The example we use comes from the reflexive polytope ∆ of dimension 7 in
MR = R
7, given by the equations
zi ≥ −1, i = 1, . . . , 7, −2z1 − 2z2 − 2z3 − 2z4 − 3z5 − 3z6 − 3z7 ≥ −1.
The dual reflexive polytope ∆∗ has vertices at
n0 = (−2,−2,−2,−2,−3,−3,−3), n1, . . . , n7,
where n1, . . . , n7 are the standard basis of the lattice N = Z
7. Notice that the
toric variety P∆, corresponding to the polytope ∆, is the weighted projective space
P(1, 2, 2, 2, 2, 3, 3, 3). The only integral points in ∆∗ are the vertices and the ori-
gin, implying that no subdivision occurs for the normal fan of ∆; consequently,
h3,2(Ẑ∆) = 0 because in the above formula for h
3,2 all the numbers a1 and a2 van-
ish. On the other hand, for a dual MPCP-desingularization Ẑ∆∗ of a regular ample
hypersurface in P∆∗ , the above formula for h
d−1−p,2(X) with d = 7 and p = 3
simplifies to
h3,2(Ẑ∆∗) =
∑
Γ∗⊂∆∗
dimΓ∗=4
l∗(Γ) · l∗(2Γ∗),
because l∗(Γ∗) = 0 for all faces Γ∗ of ∆∗. We want to show that h3,2(Ẑ∆∗) is
positive, which would imply that the duality (15) fails for the pair (Ẑ∆, Ẑ∆∗). In-
deed, consider the 4-dimensional face Γ∗ of ∆∗ with vertices at n0, n1, n2, n3
and n4. Then (−1,−1,−1,−1,−2,−2,−2) is the interior integral point of 2Γ∗.
The dual 2-dimensional face Γ, which has vertices at (−1,−1,−1,−1, 5,−1,−1),
(−1,−1,−1,−1,−1, 5,−1), (−1,−1,−1,−1,−1,−1, 5), contains the integral point
(−1,−1,−1,−1, 1, 1, 1) in its relative interior. Thus, we have shown that h3,2(Ẑ∆) 6=
h3,2(Ẑ∆∗). This happened because the hypersurface Ẑ∆∗ is singular.
Other “counterexamples” can be easily found in higher dimensions, showing that,
in general, the duality (15) fails for the MPCP-desingularizations of the construction
in [B2]. We should also point out that there is such “counterexample” for 4-folds
(see Example 1.2 [B3]).
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